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D: Forest
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E: Antennas on Tree
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F: XOR Tree
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G: Colorful Doors
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H: Generalized Insertion Sort
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I: Simple APSP Problem

MLy, DRV BEVWT A T8 THEZhbhrb, F-I0WEBEZMHS DRSS &R O BN
£9,

T, TRTOTADPHWITRAR A2 EDZZ Wb Ed, TRIIZIT, ifTHE i+17HDY
ANETHWEREL T,

T2, i FEME i+ 1 FEMA»S 1 AT OAWY ZAEEALE, £AZ0MHOAR, RE/SARIZFEE
i+ 1 fTHOMAZRBE T 2HI b2 £7,

2%, i fTHE i+ 1 THOMOUDOHEZ 2T 0 LT 5L, ZOMEDEZIX (i fTHMOHWS
ZDMEE) x (i + 1 FEMOENY ADMEE) 7235 2 L abhh 3,

FiX, ZOMBEIZR I L ZOMBEIRBREMITVET, 2TEKETHOIANEELEVWE &, ZOM%
Mafs 2 Z LA AREZR DT, FNZ U CHEBROMEA1TS &, ZOMBEIXE* HW <2N OZ7Y v N2
BTCEHIROMrEN5TY,

EUERRELT, tOMELITEY, EYATLITHEBOIANFEHINTVWEI L RH £, TT
DTHRBIZLKEDTBZHELRD D £TH, EYANSBEIEEBLERE2ITS> 22T, ON?) TR Z A
AEETT,

10



J: Rectangles
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Editorial of G, H, J will be published later.

A: Two Integers

If X is a multiple of Y, the answer is —1: a multiple of X is always a multiple of Y.

Otherwise, X is always a valid answer.



B: Two Arrays

In each operation, the value > b; — > a; decreases by 1. Thus, the total number of operations must
be K => b, — > a;.

In case a; < b; for some i, you must perform operations on a; at least [(b; — a;)/2] times. Thus, the
sum of [(b; — a;)/2] for all 4 such that a; < b; must be at most K. Otherwise, print "NO”.

On the other hand, when this condition is satisfied, we can prove that the answer is "YES”. Notice
that the order of operations of adding twos and ones doesn’t matter. First, add 2 to a;, [(b; — a;)/2]
times. Then, perform remaining ”add two” operations on arbitrary elements. At this point, all 7 satisfies

a; > b;, so you can finish operations by performing ”add one” operations appropriately.



C: Vacant Seat

Consider the following two types of intervals (we call it ”good interval”):

(a) A closed interval [, r] such that » — [ is odd and [, r are filled by people with the same sex.
(b) A closed interval [I, 7] such that r — [ is even and [, r are filled by people with different sex.

In both cases, we can see that the interval contains at least one empty seat. (Otherwise, males and
females must sit alternately in the interval [I,r], and we get a contradiction in both cases.)

We use binary search, and find an empty seat in O(log N) queries.

e First, perform a query on seat 0. If this is empty, we finish. Otherwise we find a good interval
[0, N]. (Since the seats are cyclic, we can call seat 0 "seat N”).

e Suppose that we have a good interval [I,7]. Let m := |l 4+ r]/2 and perform a query on seat m. If
this is empty, we finish. Otherwise, we can prove that at least one of intervals [I, m], [m, r] will be

a good interval by a simple argument about parities.



D: Forest

If M = N — 1, the input is a tree, and the answer is 0. Assume that M < N — 1.
First, divide the forest into connected components (trees). We want to merge these trees into a single
tree by adding edges.

Here, we have the following constraints:

e From each tree, at least one vertex must be chosen (otherwise this tree will be isolated).
e There are N — M trees. Thus, we must add N — M — 1 edges. This means that the total number
of chosen vertices must be 2(N — M — 1).

It turns out that these conditions are sufficient. That is, if a subset of vertices satisfies the conditions
above, we can actually make a tree by choosing those vertices. For example, we can connect all trees by
repeating the following: choose two components with the biggest number of chosen (and still unused)

vertices, and connect them.
The answer is as follows. First, if N < 2(N — M — 1), the answer is "Impossible” (from the second

condition). Otherwise, we choose vertices greedily as follows:

e First, from each component, choose a vertex with the smallest cost.
e Then, from remaining vertices, choose vertices from the smallest costs, until we choose 2(N —M —1)

vertices in total.

These operations can be implemented in O(NlogN) time.



E: Antennas on Tree

Consider two vertices s,t in the tree. When can we distinguish these vertices?

If the distance between them is odd, we can always distinguish them as long as we have at least one
antenna (by checking the parity of distance from the antenna). Otherwise, let u be the midpoint between
s and t. We see s,t and antennas from w. If the direction of at least one antenna is the same as the
direction of s or ¢, we can distinguish them.

Thus, the condition can be restated as follows:

For each vertex v, the following holds. Remove v from the tree, and suppose that we get k subtrees.

Then, at least £ — 1 of the subtrees must contain antennas.

Now, we’ll describe the solution. In case the tree is a path, the answer is one: we can put an antenna
on one of the leaves. Otherwise, a vertex r with degree at least 3 exists. Make it the root of the tree.

The condition can be again restated as follows:

For each vertex v in the rooted tree, the following holds. If v has k children, at least K — 1 of k

subtrees whose roots are children of v must contain antennas.

This is because, if v is not r, v always contain at least one antenna in the ”parent direction”. (Otherwise,
the condition above won’t be satisfied for the root r).

Now we can compute the answer by a simple DP. Define dp[v] as the smallest number of vertices we
must choose from the subtree rooted at v, when we want to satisfy the conditions above for all vertices

in this subtree.



F: XOR Tree

For a vertex v, define b, as the XOR of all values assigned to edges incident to v. If we perform an
operation on the path between two vertices v and v with the value xm we change b, and b, to b, XORx
and b, XORz, respectively. Also, note that all b, will be zero if and only if all edges are assigned zeroes.

Thus, the problem can be restated as follows:

You are given a sequence of integers by, by, .., by (here, all integers are up to 15). In each operation,
you choose 4, j, 2, and XOR z into b; and b;. How many operations do you need to make all integers

zeroes?

Now, consider a graph with N vertices 1,2, .., N. Initially, this graph doesn’t have edges. Whenever
you perform an operation for indices ¢ and j, add an edge between vertices ¢ and j.

After we perform all operations, this graph will have several connected components. When you perform
an operation between ¢ and j, the value b, XORb; doesn’t change. Thus, the XOR of all values in a single
connected component never changes.

Therefore, we want to add minimum possible number of edges to this graph such that in each connected
component, the XOR of all b; is zero. Obviously, each connected component should be a tree if we want
to minimize the number of edges. In this case, the total number of edges is N minus the number of
connected components.

Thus, we can again restate the problem as follows:

You are given a sequence of integers by, by, ..,by (here, all integers are up to 15). Divide these
numbers into disjoint set, such that in each set the XOR of all values is zero. The answer is N

minus the maximum possble number of sets we get.

First, we should make sets as follows:

e If we have a zero, we should create a set with this single zero.

e If we have two identical numbers, we should create a set with these two numbers.

After these process, we will have at most 15 elements. Now, we can compute the maximum number

of sets in a simple O(3%) DP, where k is the number of remaining elements.



G: Colorful Doors



H: Generalized Insertion Sort



I: Simple APSP Problem

The black cells will be very sparse, and the vast majority of rows and columns will be entirely white.

Suppose that two adjacent rows, the i-th row and the ¢ + 1-th row, are entirely white. Let’s call the
region in the i-th row and above ”UP”, and the i + 1-th row and below "DOWN”. It’s easy to see that
the shortest path between two cells crosses an edge (here, we imagine that white cells correspond to
vertices and there are edges for each adjacent pair of white cells) between the i-th row and the ¢ + 1-th
row if and only if one of the cells is UP and the other is DOWN.

Thus, if we change the costs of all edges between the i-th row and the i+ 1-th row to zeroes, the answer
decreases by the following value:

(The number of white cells in UP region) x (the number of white cells in DOWN region)

Now, we can ”compress” two adjacent empty rows, and we can do the same for columns. By repeating
these operations, we can compress the entire grid into a smaller grid with H, W < 2N, and we can simply
solve the problem by BFS in O(N*).

Note that we should add ”weights” to cells after compressions. For example, in the very first compres-
sion, if we merge the i-th row and the ¢ 4+ 1-th row into a single row, the cells of this row should have
a weight of 2. Then, in the final grid, the distance between two cells p and ¢ should be added to the
answer with the coefficient (the weight of p) x (the weight of ¢).



J: Rectangles

10



